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Abstract

The Intermediate Value Theorem (IVT) is a fundamental result in
real analysis that ensures the existence of intermediate values for
continuous functions defined on closed intervals. This theorem
states that if a function is continuous on a closed interval and takes
different values at the endpoints, it must take every value between
those two endpoints at least once. The IVT has important
applications in mathematics, including root-finding methods like
the bisection method, and in proving the existence of solutions to
equations and differential systems. Beyond mathematics, it is
widely used in fields such as economics, physics, and engineering
to model continuous systems and predict equilibrium points. This
article explores the formal statement, proof, and key applications
of the IVT, illustrating its broad relevance in both theoretical and
applied contexts.
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Introduction

The Intermediate Value Theorem (IVT) is a cornerstone in real analysis, establishing the
essential link between continuity and the behavior of functions over closed intervals.
Formulated in its simplest terms, the IVT asserts that for a continuous function on a
closed interval, if the function takes two distinct values at the endpoints of the interval,
it must take every value between those two values at least once. This result is not only
fundamental in theoretical mathematics but is also extensively applied in fields such
as physics, engineering, and economics. The significance of the IVT lies in its ability to
guarantee the existence of solutions to various types of problems where continuity
plays a crucial role.

The Intermediate Value Theorem (IVT) is a cornerstone in real analysis, establishing the
essential link between continuity and the behavior of functions over closed intervals.
This theorem captures one of the intuitive ideas about continuous functions: that if a
function smoothly transitions from one value to another over an interval, it must pass
through every value in between, without skipping any. Formulated in its simplest
terms, the IVT asserts that for a continuous function f defined on a closed interval [a,b],

HIRS | HEC y ¥ -348 - https:/ /ojs.mrj.com.pk/index.php/MR]/issue/view/ 1S



https://hjrs.hec.gov.pk/index.php?r=site%2Fresult&id=1089238#journal_result
https://ojs.mrj.com.pk/index.php/MRJ/issue/view/15

Al-Mahdi Research Journal (MRJ) Vol 5 Issue 5 (July-Sep 2024)

if the function takes two distinct values at the endpoints of the interval, f (a) and f (b),
it must take every value between f (a) and f (b) at least once.

Applications Beyond Mathematics

While the IVT is central to real analysis and calculus, its applications extend far beyond
pure mathematics. In physics, the theorem helps model real-world phenomena that
are governed by continuous processes. For example, in thermodynamics or fluid
mechanics, continuous functions can model temperature or pressure, and the IVT
ensures that certain intermediate states exist in the system.

In economics, the IVT is often used in the context of market equilibrium. Consider
supply and demand curves, which are typically continuous functions of price. If the
supply exceeds demand at a high price and demand exceeds supply at a lower price,
the IVT guarantees that there is at least one price at which supply equals demand. This
is the concept of market equilibrium, a central idea in economic theory.

In engineering, the IVT plays a critical role in solving problems involving stress analysis,
heat transfer, or electrical circuit behavior. Engineers rely on the continuity of certain
physical quantities, such as temperature, voltage, or pressure, to predict intermediate
values that must exist between two measured extremes. For example, in stress
analysis, if a beam is subject to different stress values at two points, the IVT guarantees
that there is some point where the stress takes any value between those two extremes.

Significance of Continuity in Real-World Applications

The real power of the IVT comes from its reliance on the continuity of functions. In
real-world problems, functions representing physical quantities are often continuous
because they model smooth, uninterrupted processes. For instance, the temperature
in a metal rod being heated will vary continuously along the length of the rod. If the
temperature at one end of the rod is 100°C and at the other end it is 200°C, the IVT
guarantees that at some point along the rod, the temperature will be exactly 150°C.
This principle can be extended to any system where quantities change gradually,
making the IVT a valuable tool for scientists, engineers, and economists.

Formal Statement of the Intermediate Value Theorem

The Intermediate Value Theorem is formally stated as follows:

"Let \( f\) be a function that is continuous on a closed interval \([a, b]\),
and suppose that \( f(a) \neq f(b) \). If \( N'\) is a number between \( f(a)
\) and \( f(b) \), then there exists a point \( c \in (a, b) \) such that \( f(c)
=N\

The theorem’s core assertion is that a continuous function—one with no gaps or
discontinuities—will pass through every value between \( f(a) \) and \( f(b) \) at least
once. This property holds because continuity prevents the function from skipping any
values within the interval.
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Continuity and the IVT

The crucial condition for the IVT is that the function must be continuous on the interval
\( [a, b] \). In mathematical terms, continuity means that small changes in the input \(
x \) result in small changes in the output \( f(x) \), without abrupt jumps or breaks. This
ensures that for any two points \( a\) and \( b \) where the function takes values \( f(a)
\) and \( f(b) \), the function will cover all values between these points.

For example, consider a discontinuous function such as:

1 ifx <0,
g(z) = .

—1 ifz > 0.
Here, \( g(x) \) takes two distinct values, but it is not continuous at \( x = 0\), leading

to a violation of the IVT. Thus, continuity is an essential prerequisite for the theorem’s
validity.?

Proof of the Intermediate Value Theorem

The proof of the IVT relies on the completeness property of real numbers, which
ensures that bounded sets have least upper bounds (suprema). The essence of the
proof involves progressively narrowing down the interval containing the desired
intermediate value through a method similar to bisection:

1. Assume f is continuous on [a, b], with f(a) < N < f(b).

2. Bisect the interval and evaluate f at the midpoint aTb

3. Based on the sign of f (“Tb) — N, choose the half-interval that contains V.
4. Repeat this process indefinitely, narrowing the interval further at each step.

5. By the completeness property of real numbers, there exists a point ¢ € (a, b) such that
fle)=N.

This constructive proof forms the basis for many practical root-finding algorithms,
including the bisection method, which is widely used in numerical analysis due to its
simplicity, robustness, and guaranteed convergence. By systematically halving the
interval and applying the Intermediate Value Theorem at each step, the bisection
method efficiently narrows down the location of a root, making it especially useful
when solving non-linear equations in various scientific and engineering fields. The
bisection method’s reliance on the IVT ensures that it works effectively as long as the
function remains continuous and the root lies within the initial interval.
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Applications of the Intermediate Value Theorem

1. Root Finding in Equations

The IVT is foundational in root-finding methods, particularly when used to solve equations of the
form f(z) = 0. Suppose a continuous function f has opposite signs at the endpoints of an interval,
ie, f(a) < 0and f(b) > 0.The IVT guarantees that there is at least one ¢ € (a, b) such that
f(¢) = 0. This principle underlies the bisection method, a numerical technique for approximating

roots by successively halving the interval and checking for sign changes.

2. Bolzano’s Theorem

A special case of the IVT, Bolzano’s Theorem, states that if a continuous function fff
takes opposite signs at the endpoints of an interval, then there must be a root within
that interval. This theorem is a fundamental result in the theory of real functions and
is frequently used to show the existence of solutions in various mathematical
problems.

3. Existence of Solutions in Differential Equations

The IVT plays a critical role in the theory of differential equations. When dealing with
continuous systems, the IVT ensures the existence of solutions within specific intervals.
For example, in initial value problems, the IVT helps establish that the system’s
trajectory must pass through all intermediate states between given boundary
conditions. This concept is central to proving the existence of solutions to many
ordinary differential equations.*

4. Economic and Physical Models

In economics, the IVT is used to demonstrate the existence of equilibrium points in
supply and demand models. If the supply and demand curves are continuous, and
there is a price at which supply exceeds demand and a price at which demand exceeds
supply, the IVT guarantees an equilibrium price where supply equals demand. Similarly,
in physics, the IVT applies to continuous models of motion and energy transfer,
ensuring that intermediate states exist between initial and final conditions."®

5. Engineering Applications

In engineering, continuous models are used to describe various phenomena such as
stress distribution in materials or the behavior of electrical circuits. The IVT ensures
that, under continuous conditions, certain thresholds or intermediate values must be
achieved within a system. For instance, in a stress analysis of a beam, the IVT
guarantees that the stress will pass through every intermediate value between two
given points.®
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Conclusion

The Intermediate Value Theorem is a profound and versatile result in mathematical
analysis, offering both theoretical and practical benefits. Its guarantee of the existence
of intermediate values for continuous functions makes it a critical tool in root-finding
algorithms, differential equations, and various applications in economics and
engineering. The IVT exemplifies the power of continuity in shaping the behavior of
functions and provides a bridge between abstract mathematical theory and real-world
problem-solving.

The Intermediate Value Theorem is a profound and versatile result in mathematical
analysis, offering both theoretical and practical benefits across various fields. Its
guarantee of the existence of intermediate values for continuous functions makes it a
critical tool in root-finding algorithms, differential equations, and numerous
applications in economics, engineering, and the sciences. The IVT exemplifies the
remarkable power of continuity in shaping the behavior of functions, ensuring that
within any interval where a function takes on two values, it must also assume every
value in between. This theorem not only highlights fundamental properties of
continuous functions but also provides a vital bridge between abstract mathematical
theory and real-world problem-solving, enabling practitioners to apply these concepts
in tangible ways. As such, the IVT is not just an academic curiosity; it is an essential
instrument in both theoretical exploration and practical application.
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